Symmetric Matrices and
Quadratic Forms



Quadratic form

* Suppose x is a column vector in R", and 4 is a symmetricn X n
matrix.

* The term x” Ax is called a quadratic form.
* The result of the quadratic formis ascalar. (1 X n)(n Xn)(n X 1)
e The quadratic form is also called a quadratic function Q(x) = x' Ax.

* The quadratic function’s input is the vector x and the output is a
scalar.



Quadratic form

* Suppose x is a vector in R3, the quadratic form is:

i1 412 QA13][X1
e Q(x) =xTAx =[x1 X3 Xx3]|Q21 QA QAp3||X2
d3zq1 dAzpz 0A33] X3

* Q(x) = a1 %1% + axxy* + agzxz® + -

(ay2 + azi)x1x; + (a3 + az1)xyx3 + (a3 + asz)x;x;

* Since A is symmetric a;; = a;;, SO:

* Q(x) = a1 + azx® + agzxz® + 2a4,x1X, + 2a43%1X5 + 2d53%5X3



Quadratic form

* Example: find the quadratic polynomial for the following symmetric

matrices:
1 -1 07

ol abeml

e O(x) = xTAx = [x1 Xx3] [(1) g] [2] = x12% + 2x,°

1 -1 01[*1
e Q(x) =x"TBx=[x1 X2 X3] [—1 2 1 [Xz] = x1% + 2x,% — x3% —
0 1 —-111X3

2X1Xy + 2X7X3



Motivation for quadratic forms

* Example: Consider the function
Q(x) = 8x# — 4x,x, + 5x5

Determine whether Q(0,0) is the global minimum.

 Solution we can rewrite following equation as quadratic form

T 8 =2
Q(x) = x"Ax where A_LZ 5]

The matrix A is symmetric by construction. Eigen vectors of A are

1 1
w=l3] nell

With associated eigenvalues A; = 9 andA, = 4



Example Cont’

* lLetx = cqv{ + c,v,, Now we have
Q(x) = xTAx = A,cf + A,¢c5 = 9cf + 4c

Therefore Q(x)>0 and Q(0,0) is the global minimum.



Quadratic form

* Example: find the symmetric matrix for the following quadratic
polynomials:

Q1(x) = x1% + x,% + 2x1%,

Q2(x) = x12 + x3% + 21 %, — 4%, X3 + 2V 2x5%3

o= sl Y[
(1 1 2]
* Q;(x) =x"Bx=[x1 X2 x3]|1 1 2 lxz]
-2 V2 0




Geometric interpretation in R?

* For diagonal matrix 4, Q(x) is an ellipse, or hyperbola, or intersection
of two lines, or a point.
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ellipse hyperbola

Motivation: This form happens for diagonal matrices and maxima and minima
appear along the eigenvectors and a and b are the eigenvalues



Geometric interpretation in R?

* For non-diagonal matrix A, Q(x) is a,rotated geometry.

)

(a) 5.1'% —dxx, + 5.1'% =48 (b) x? —8xx, — 51% =16

Motivation: This form happens for nondiagonal matrices and maxima and
minima appear along the eigenvectors (but not aligned) . For aligning them we
can use change of variables as explained in next slides



Change of variable

* We can convert the rotated ellipse or hyperbola to its standard form.
* Recall that we can diagonalize symmetric matrices.

* If A is a symmetric matrix, it can be diagonalized as D = PT AP, where
P is the orthogonal matrix of eigenvectors of A.

* Suppose x = Py, then
Q(x) = x"Ax = (Py)"A(Py) = y"P"APy = y' Dy

Motivation: Alignment is required for change of variable. This is diagonalization
of symmetric matrices



Change of Variable Example

* Example: Make a change of variable that transforms the quadratic
form Q(x) = x¥ — 8x,x, — 5x% into a quadratic form with no cross-
product term.

 Solution if we write Q(x) as quadratic form, matrix A is

=] 5

The first step is to orthogonally diagonalize A. Its eigenvalues and with
associated unit eigenvectors are

L 2/45 B IR VAVES
R .



Example Cont’

* ThenA = PDP tand D = P 1AP = PTAP. A suitable change of
variable is

x = Py, wherex=|:xl] and y=|:yli|

Then A2 Y2

X7 —8x1x, — 5x; = x'Ax = (Py)'A(Py)
=y P'APy =y' Dy



