Lecture 2: Vector-Vector Operations

* Vector-Vector Operations
e Addition of two vectors

* Geometric representation of addition and subtraction of vectors
e Vectors and points

* Dot product of two vectors
* Geometric interpretation of the dot product of two vectors
* Computation of Dot product
* Dot product of perpendicular vectors
* Dot product of a vector with itself

Examples: Decomposition of force vectors, Decomposition of a vector into orthogonal components,
coordinates of a point in an orthogonal coordinate system.

* Cross product of two three dimensional vectors (Self-study)
* Geometric interpretation of a cross product
* Area of a triangle
e Cross product of orthogonal and parallel vectors

» Scalar Triple Product (Self-study)

* Geometric interpretation of a scalar triple product
* Volume of a parallelepiped



Vector-Vector Operations

* \Vector addition (and subtraction)
a+b,a—>b

* Vector Multiplication
e Dot Product: a-b
e Cross Product: axb



Vector Addition (Page 26)

* Two vector can be added only if they have the same dimension.
* The corresponding components of the two vector are added together.

* Two vector can be subtracted in the same way of adding, by
subtracting components.

* Example:
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When can two vectors be added?

* Only if two vectors have the same dimension they can be added.

* Row vectors and column vectors of the same dimension can be
added.

* Example:
* [1] + [0] = [1]
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How to represent addition of two vectors
graphically (Ch. 1.3 P. 26)

* Draw one vector.
 Draw the other vector.

* Draw one vector along the diagonal of the parallelogram formed by
P1 and P2. |
P1+P2 (4,3)

° Exa m p I e : -______—___r—_______—__:__—-______—‘I____‘——‘___‘_‘l

L+l =1




How to represent addition of three vectors
graphically

* Another way to add multiple vectors graphically is to link the tail of
one vector with the head of another vector as shown below.

* The final vector is obtained by connectmg the orlgln and the head of
the last vector. | |

* Example:

L+l +G1= [l




How to represent subtraction of two vectors
graphically (Ch. 1.3 P. 26)

* Draw one vector.
 Draw the other vector.

* Draw one vector originated at the tail of the first vector, and ends at
the tail of the second vector. t

* Example:

——————————————————————————————————————————————

M-Bl=-A 202 P2-P(2T)

__________________________________________

P13, 1)




How to compute vector between points?

* Given two points P; = (x1,V1,21)and P, = (x5, V4, 25)

X1
* The vector to P; from the origin is v; = |Y1| and vector to P, from
. Z1]1 |
X2
the origin is v, = |)>
| Z7
Xy — Xy

* The vector from Py to P, isv,-v; = |Y2 — V1
|22 — 247




Algebraic Properties of vector addition and
subtraction

Algebraic Properties of R”

For all u, v, w in R” and all scalars ¢ and d:

1) u+v=v-+u (v) c(u+v) =cu+cv
i) (u+v)+w=u+ (v+w) (vi) (c +d)u =cu+ du
(i) u+0=0+u=u (vil) c(du) = (c¢d)(u)
iv) u+(—u) =—u+u=0, (viil) lu = u

where —u denotes (—1)u



What is a dot product (Inner product)?

Dot product or Inner product of vectors a and b is represented as:
. a-b=s

Dot product of two vectors results in a scalar.
Multiply the corresponding components of the two vectors
The dot product equals to the result of addition of all the multiplied components

a1
] [ ] = a.b; + a,b, + azbs.

Example
2 1] 1]=2—1=1

. [_1]-[1]=3x2+(—1)x1+0x\/§= 5
V2




How to dot two vectors

* Dot product can be computed only between vectors of same
dimension.

* Dot product is commutative
a-b=b-a

3 2 2 3
-[—1]-[1]=[1]-[—1 =3x2+ (—1)x1+0xvV2=5
ol 2l Wzl Lo




Geometric interpretation of a dot product

* The result of a dot product of vectors is a scalar, and cannot be depicted as a
vector.

However, this scalar value is proportional to the cosine of the angle between the
vectors.

So dot product can be computed in two different ways. One as the sum of the
product of the corresponding components as mentioned earlier, and the other as
a-b = |la|l[[b]l cos8

Both computation methods will yield the same result.
* Example:

- a= \/§] _ [0

e a-b=2x2xcos60 =2

* By earlier approach,a-b = [\/f] : [(2)] = 0+2=2



Geometric interpretation of a dot product

a-b =||all ||b]|l cosB

* What if a is a unit vector (||a||=1)
* a - b would be the length of the perpendicular projection of b on a

 Vector c is the image of bon a
* Direction of c is the same as a
* Magnitude of c is

 llell = lIbll cosd =

lall




Dot product with itself

* From the geometrical representation of dot product it is inferred that
the dot product of a vector with itself is its squared magnitude

a-a=|alllallcos0 = | all?

* Now if the vector is a unit vector its dot product with itself equals to 1
a-a=|dllld|l|cos0 =1

* Example:
_ - 2
ca= _21 ,a-a=22+(—1)2=5=(\/22+(—1)2)
ca=|[o]a-a=06"+08=1=1x1




Dot product of perpendicular vectors

* From the geometric representation of dot product, it is inferred that
the dot product of two perpendicular vector is equal to zero, since
cos90 = 0.

* Example:

cea-b=2x(-1)+2x1=0
ea-b= V8xV2xcos90° = 0




Application of Dot product

 Decomposition of a vector into its orthogonal components.
e b= bcos@ X +bsinfY

b sin 6




What is the cross product

* Cross product is computed between (N-1) vectors in a N-D space, where
N =3

* The result of cross product is a vector in N-D space. Hence it is also called
vector product.

* The cross product vector is perpendicular to all the (N-1) vectors used to
compute it.

* Let,a =[a,, a,, a5] & b =[by, b,, b;] then,
axb=[a,b;—a3b, asb,-a,b; a;b,-a,b,]

( we will discuss about this again when we study determinants. )



Geometric interpretation of cross product

axb=|all ||b|| sin@n, where 8 is the angle between the two vectors
and 7 is a unit vector representing the direction of the resultant vector.

e Direction of a x b is perpendicular to both vectors a and b following the right hand
rule.

* |axb| represents the area of the parallelogram determined by these vectors as
adjacent sides.

A

axb

axXb

Tn b laxb]|
a \5 b 9

a 18




Cross product (using Determinants)

EXAMPLE 1 Compute u X v and v X u for u = (2,3,5) and v =
(6,7,9) .

Solution: To do so, we construct the vector of determinants in (2),
w355 2] |2 3
VEN[T 99 676 7

and then we use (1) to evaluate the determinants:

Y

uxv={_3-9-7-55-6-9-2,2-7—6-3) = (—8,12,—4) (3)

Notice however that v x u is

9 6 6 7
1h 2|7 2

; |> = (8,12, 4)

That is, v x u = — (u x v), which can be shown to be true in general. Indeed,
each of the following follow from direct calculation.



Cross product (using Determinants)

* Taking the dot product of u x v with either u or v results in a zero
vector. This proves that u x v is orthogonal to both u and v.

|—8,12,—4] -[2,3,5] =[0,0,0]

|—8,12,—4] -16,7,9] = [0,0,0]



Cross product of parallel vectors

* From the geometrical representation of cross product it is inferred
that the cross product of parallel vectors is a zero vector

axb=|lal|||b]|sin0" =0

* j.e. cross product of a vector with itself is zero vector
axa=|lalll|la]|sin0 =0



Cross product of orthogonal vectors

* From the geometric representation of cross product, it is inferred that
the cross product of two orthogonal vector is the product of their
magnitude.

axb=|lalll[bllsin90" = [lall||b]



Application of Cross product

* To find the area of a triangle.

Area of triangle = % h |B]
=~ |A| sing |B]|
=~ | AXE |
2




Application of Cross product

* Example of Area of Triangle 4 1
Find the area of triangle with vertices 3+
P1(2,2), P2(4,4) and P3(6,1) : 27T

Solution: It is easy to see that u = (2,2) and v = (4,—1). As
vectors in R?, we have u = (2,2,0) and v = (4, —1,0) . Thus, their
cross product is

S 2 0 0 2 2 92
uxv. = 4 00’0 =114 -1
= (0,0,2-(-1)—4-2)

= (0,0, —10)

Since the triangle has half of the area of the parallelogram formed
Note the area of the parallelogram formed by u and v, the area of the triangle is

by u and v will be 2 * 5 units? = 10units?

1
Area = |lu x v|| = 5\/02 + 02 + (—10)* = 5 units>



Algebraic Properties of dot and cross
products

11| Theorem If a, b, and ¢ are vectors and c 1s a scalar, then

axXb=-bXa

(ca) X b=c(aXb)=a X (cb)
axX(b+tc)=aXb+aXec
(@a+b)Xc=aXc+bXc
a‘(bXc¢c)=(@XDb)-c
axXMbbXc)=(@-¢c)b—(a-b)c

o S B =




Dot Product vs Cross Product

Dot product Cross product




Scalar Triple Product

e Scalar triple product of vectors a, b, cis referredtoasa - (b x ¢)

 Geometrically it represents the volume of a parallelopiped

Volume of the parallelepiped

= (height H) (area of the parallelogram L)
=(lacos@]) (| bxc|)

=|a| (| bxc|) |cos 0|

=|la.(bxc)|

bXc¢

~

H -




Scalar Triple Product

EXAMPLE 7 Find the volume of the parallelpiped spanned by
u=(2,0,0), v=(1,3,0), and w = (1,0,3). The figure below is
drawn as if all vectors have their initial points at the origin.

The dot product with w yields the volume:

Volume = |(u x v) - w| = [(1,0,3) - (0,0,6)| = 18

Y

uxv= 00
n 3 0




